Confirming new results in 3D geometry with Autograph 3
Adrian Oldknow                                        November 2004
In an accompanying report I have described recent advances in the 3D geometry of a special kind of tetrahedron, a 4-ball tetrahedron, which are generalisations of results about triangles, circles and hyperbolae in plane geometry.  In order to visualise some of the results, and to have analytic confirmation (but not general proof) for particular cases we need some analytic tools which are not currently available in Cabri 3D.  At the CabriWorld 2004 conference in Rome this September Douglas Butler talked about the new version of his software Autograph 3 as being complementary to Cabri 3D.  This note gives an example of this in practice.
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First we fix the radii of the 4 spheres as e.g.: a = 3, b = 2, c = 4, d = 3.5

Taking the edge AB as x-axis, with origin at its division point, we have A (-3,0,0) and B (2,0,0).  We find C in the z = 0 plane as the intersection of the circles centre A radius a+c and centre B radius b+c giving
C (0.8, 5.88, 0).  Similarly we find D as the intersection of spheres centres A,B,C and radii a+d, b+d, c+d giving
D (0.7, 0.585, 5.31).  
To find the equation of one of the surfaces containing D we solve 
PA-PB = a-b for P(x,y,z) and obtain the hyperboloid shown HAB as

24x(x + 1) = y2  + z2
Fortunately it seems to contain D!
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The hyperbola HD is drawn parametrically in terms of t as the D radius by

x = t/5, 

y = (6/90 (60-11t), 

z = (6/18 ((47t2 + 312t – 144) 

The intersection of this curve with the plane z = 0 of ABC is given by the finding the solutions of t to the quadratic equation z = 0, which are t = 0.433 and t = -7.072 which we can confirm as the inner and outer Soddy radii sD, s’D of ABC from Descartes formula:

1/t = 1/a + 1/b + 1/c ± 2/r , where r = ((abc/(a+b+c)) is the in-radius rD of ABC.
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Writing 
(D = ((abc(a+b+c)) 
as the area of ABC from Heron’s formula and manipulating in e.g. Derive we find the analytic form of HD referred to these same axes as:

x = (a-b)/(a+b) t   

y = 1/(D (abc + (a2b - b2c + b2a - a2c) t)

z = 1/(D (((2(D2 - (a2b2 + b2c2 + c2a2))(t - sD )(t - s’D )
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The screen shot above shows the three hyperboloids meeting in the vertex hyperbola HD.  The screen shot below shows the intersections S,S’ of the Soddy line MZ with this hyperbola.
